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SEPARATION OF MULTICOMPONENT
ISOTOPE MIXTURES BY GAS

CENTRIFUGE

Valentin D. Borisevich* and Eugene V. Levin

Moscow State Engineering Physics Institute 
(Technical University), Kashirskoe Shosse 31,

115409 Moscow, Russian Federation

ABSTRACT

This article represents an analytical review of the state-of-the-art
on separation of multicomponent isotope mixtures in a gas cen-
trifuge. The main physical principles, physical-mathematical mod-
els, research techniques and peculiarities of separation of multi-
component isotope mixtures in a gas centrifuge are considered and
discussed.

INTRODUCTION

It is known that sixty-two of eighty-four naturally existing stable chemical
elements are polyisotopic. They comprise 264 stable isotopes (1). Nature provided
every isotope with its unique properties such as, mass, spin, neutron interaction
cross-section and Mossbauer lines. Each of these isotope features has found an ap-
plication in different fields of science and technology (2–4). First investigations
on separation of multicomponent mixtures of stable isotopes by gas centrifuge
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techniques were started in The Kurchatov Institute of Atomic Energy, Moscow,
under supervision of academician Kikoin in parallel with the development of cen-
trifugal technology for uranium isotope enrichment. The first centrifuges were de-
signed for operation with uranium hexafluoride and, as a rule, could not be effi-
ciently used for separation of other isotopes existing in different chemical
compounds. For this reason in the former Soviet Union and now in Russia special
centrifuges with their own specific characteristics have been designed for separa-
tion of stable isotopes by using either existing or specially synthesized gaseous
chemical compounds.

The basic condition for process gases to be applicable in the newly designed
centrifuges for separation of stable isotopes is their vapor pressure, which cannot
be less than 5–10 mm Hg at normal temperature. At the same time, the substance
should be non-corrosive to the structural materials of the centrifuge and thermally
stable. Moreover, this substance should preferably possess the maximum possible
content of the separated element in the molecule. The list of such substances in-
cludes fluorides and oxyfluorides of metals and non-metals, metal-organic and
complex compounds, phosphorus hydrides and carbonyls, boron hydrides, freons
and some others. The synthesis of these volatile compounds is in certain instances
difficult, because their properties are difficult to foresee. Hence, the search for
new compounds is basically carried out by empirical means.

The accumulated experiments on separation of isotopes of both light (B, N,
C, O, Kr, Cl) and heavier elements has shown that gas centrifuge technology is ex-
tremely promising. Probably one of the most important features brought in by this
method is a large-scale isotope production that opens a new era of their use in in-
dustry, science and medicine. The centrifuge cascade used for separation of non-
uranium isotopes usually has a level of productivity ten times higher than that of
the electromagnetic installation with a comparative feed flow (1). It allowed pro-
ducing isotopes of germanium, chromium, zinc and tungsten in quantities of 10 or
more kilograms. Only during recent years The Research Scientific Center “Kur-
chatov Institute” produced more than 40 kgs of Cr-50 with enrichment higher than
38% and more than 15 kg of Ge-75 enriched to 86–90% for unique experiments
on studying the double beta-decay and investigation of solar neutrino (5,6). At
present, for experiments on improvement of radiation safety of nuclear stations
one needs thousands of kilograms of zinc depleted with Zn-64 isotope capable for
strong activation.

Stable isotopes are widely used as starting materials in the production of ra-
dioactive isotopes, which occupy a separate niche in medicine especially for ra-
diopharmaceutical purposes (7). Thus, highly concentrated Mo-98 is used for pro-
ducing Tc-99 (1). This process does not produce any radioactive wastes and,
consequently, is ecologically safe. Radioactive Xe-127 used for diagnostics in
pulmonology has been obtained from highly enriched Xe-126. Owing to a short
half-life and moderate radiation energy, Xe-127 ensures a low dosage loading on
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a patient. For production of final targets containing radioisotope Ni-63, an effi-
cient separation technique based on gas centrifuge technology has been developed
(8). Radioisotope I-123, widely used in medicine, was offered to be produced
from highly enriched by gas centrifuges Te-123 (up to 96.5%) after irradiation
with protons in a cyclotron (9).

The gas centrifuge technology ensures the production of isotopes with 
accessible limit concentrations. For example, Xe-124 with concentration of 99.9%
(natural abundance (NA) of 0.096%), 99.999% Xe-136 (NA 8.87%), Sn-112 
of 99.5% (NA 0.96%), and Sn-124 of 99.9% (NA 5.94%) have been produced by
gas centrifuges. More and more rigid requirements to the isotope purity as well
as a sharp rise in demands for isotopes put gas centrifuge technology in a leading
position.

An industrial scale complex separation of iron, carbon and oxygen isotopes
from iron pentacarbonyl, Fe(CO)5, realized at The Electrochemical Plant in the
city of Krasnoyarsk can be considered to be the best achievement in the develop-
ment of a centrifuge technology for enrichment of stable isotopes. Because all el-
ements composing the Fe(CO)5 molecule are polyisotopic (Fe contains 4, C-2, 
and O-3 isotopes), iron pentacarbonyl of natural isotope abundance represents a
mixture of 284 molecular species with different degrees of isotope replacement.
These species are distributed throughout 20 components with molecular masses
ranging from 194 to 213. Almost all of them contain several isotopes of all of the
above chemical elements. Such isotopic overlapping substantially limits the pos-
sibility of direct enrichment of iron isotopes with intermediate masses and heavy
carbon and oxygen isotopes by using a centrifugal cascade. This limitation has
been overcome due to the introduction of an additional stage into the process con-
sisting of isotope exchange between Fe(CO)5 molecules in so-called photo-reac-
tors. The combination of isotope separation in gas centrifuges with isotope ex-
change reaction has allowed yielding in one process several highly enriched
isotopes: Fe-57 (concentration �99%), C-13 and O-18 (with concentrations up to
80%) (10).

Separation of stable isotopes has transformed into an independent area of
development of gas centrifuge technology, whose progress depends on the solu-
tion of the following problems: 1) gas centrifuge design; 2) chemical synthesis of
process gases; 3) conversion of enriched isotope to desired (demanded) chemical
compound; 4) theoretical description of separation of multicomponent isotope
mixture, and 5) further development of theory and practice for complex separation
of isotopes. Significant distinctions in chemical and physical properties of process
gases lead to the necessity to create a wide set of different gas centrifuge con-
structions optimized for various ranges of molecular masses through accounting
for a circulating flow, which substantially multiplies the radial separation effect
by centrifugal force field. The development of these constructions strongly de-
pends on the theoretical study and numerical calculations of gas dynamics and
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separation processes in a rotor of gas centrifuge. For this reason, the present arti-
cle considers and discusses these particular problems.

PHYSICO-MATHEMATICAL MODEL FOR MASS 
TRANSFER IN GAS CENTRIFUGE

Description of Centrifuge and Main Separation Principles

A classic schematic of a gas centrifuge is presented in Fig. 1. A gas cen-
trifuge separates in radial direction the lighter molecules from the heavier ones by
using the difference in centrifugal force exerted on two or more species. The fun-
damental advantage of centrifuge arises from the fact that the primary (radial) iso-
tope separation effect occurs at thermodynamic equilibrium. At a constant tem-
perature a thermodynamic equilibrium distribution of concentration for each
component of the isotope mixture along the rotor’s radius is described by the fol-
lowing equation:

ni (r) � ni (0) exp(mi�
2
0r2/2RT)

(for notations in this and other equations throughout the text see List of Symbols
at the end). As follows from this equation, the process gas will be enriched with
the light components of mixture near the axis of rotation and depleted with the
same components near the side wall of the rotor. The axial counter-current flow
pattern to be established by the rotating gas leads to the multiplication of the ra-
dial separating effect to the axial direction in accordance with the well-known
principle of the counter-current separation column. The circulation flow is excited
by the slack action of the stationary scoop used for collection of the fraction en-
riched with heavier components of the isotope mixture.

The description of the flow and diffusion of a multicomponent isotope mix-
ture in the rotor of a gas centrifuge (moving at a high rotation speed) can be based
on the axisymmetric approximation. The flow pattern in the gas centrifuge rotor
can be conditionally divided into three subregions in radial direction with various
flow features (11): 1) the viscous flow near the side wall; 2) the transient flow
area, and 3) a strongly rare gas (called the Knudsen gas) near the axis of rotation.
A small part of the transient subregion (as a rule, a small percent of the rotor ra-
dius) permits to consider only two subregions without substantial decrease of ac-
curacy. The subregion A is a zone of viscous flow and the subregion B is a zone
where the gas is in a state of free-molecular flow (see Fig. 2). The interface be-
tween subregions is modeled by an infinitely thin cylindrical surface on which the
mass, the momentum and the energy fluxes through this boundary, as well as the
tangential components of the viscous stress tensor are assumed to vanish. The ra-
dius of the interface of two subregions rKn is determined from estimates of the lo-
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cal mean-free path for the process gas molecules corresponding to a transient from
regime of the free-molecular flow to a continuous medium (11–13):

�xKn exp[�(1 � x2
Kn)] � A

where xKn � rKn / r0; � � m�2
0r2

0 / 2RT is the gas compression ratio, and A is a
constant.

Figure 1. Schematic diagram of gas centrifuge. 1 � heavy fraction; 2 � feed; 3 � light
fraction; 4 � top scoop; 5 � casing; 6 � magnet bearing; 7 � molecular pump; 8 � rotor;
9 � feed inlet; 10 � diaphragm; 11 � bottom scoop; 12 � stator; 13 � needle.
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Unlike the uranium isotope separation, where the linear speed of rotor rota-
tion is around 600 m/s and the corresponding subregion B occupies �3/4 of the
radius, in a gas centrifuge for stable isotopes it can be considerably less or even
absent. On the border of subregions, the feedflow to a gas centrifuge, F is simu-
lated as in a real apparatus where it moves through a stationary gas-inlet pipe lo-
cated along the axis of rotor rotation (see Fig. 1). In a typical case the feedflow in
addition to a flow rate and its position on the z axis ZF is characterized by a tilt an-
gle �F and a relative angular velocity �F (so-called “swelling”). Parameter � char-
acterizes the division of a feedflow into two streams: of the light, P, and the heavy,
W, fractions.

It is also considered that the flow and the diffusion in a subregion B do not
affect the separation of the isotope mixture, which is completely defined by a cir-
culation flow in a subregion A excited by a stationary upper scoop extending in a
rapidly rotating gas. Within the chosen axisymmetric approximation it is impos-
sible to simulate shock waves arising as a result of interaction between a rotating
gas and the edge of the molecule extractor. Therefore, the stationary was modeled
by a disk, which is transparent for all axial flows of a process gas. The degree of
process gas slack by the scoop was modeled by either a disk system of sinks for
the azimuthal component of momentum and energy or by a toroidal system of
mass sinks at the boundary of the disk (14,15).

The boundary conditions corresponded to the standard ones, which were
regularly used in the studies of internal flows of gas mixtures: 1) ‘no-slip’ condi-
tion on the rigid surfaces; 2) prescribed temperature on the boundaries of the com-

Figure 2. Schematic diagram of zones and external flows in gas centrifuge (see text).
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putational region; 3) all parameters of external flows entering into the centrifuge
rotor are given explicitly; 4) density, radial and axial components of the velocity
vector are also given explicitly, and 5) azimuthal stagnation and temperature gra-
dient in the outgoing extraction flow of the light fraction P are disregarded. The
diffusion problem was based on the assumption of an absence of any diffusion
flow at all boundaries of the computational region. The temperature boundary
conditions on the baffle and outer wall were set from the known experimental
data. The bottom chamber of a centrifuge with the lower scoop (to extract the light
fraction) was, as a rule, not studied, since perturbations in this chamber do not
reach the separating chamber and thus do not influence the separation process.
The upper scoop (for extraction of the heavier fraction) can be situated directly in
the separating chamber or in the special product chamber separated by its own baf-
fle provided with two co-axial systems of holes to introduce the gas in and to with-
draw it from the separating chamber.

System of Equations for Movement of 
Multicomponent Gas Mixture

The equations describing the movement of multicomponent gas mixture in
a gas centrifuge can be either derived from the general principles of the field the-
ory (16) or based on the kinetic theory of gases (17). The latter approach seems to
be more preferable due to the knowledge of the main properties of distribution
function by velocities and coordinates for molecules. This permits to derive not
only the system of equations for the gas mixture but also the expressions to cal-
culate so-called kinetic factors of transfer (coefficients of viscosity, diffusion and
thermal conductivity). As the gas mixture under consideration is far from equilib-
rium, various properties of the distribution function can be used and, hence, dif-
ferent forms for a system of transfer equations can be obtained. For example, a re-
markable deviation of a gas mixture can be a consequence of a large difference in
molecule masses and appearance of strong gradients in a gas flow. This may lead
to refusal of one partial and to the use of group distribution functions (18) requir-
ing the description of a gas mixture either as a multicomponent or a multi-veloc-
ity and a multi-temperature gas.

Numerical theoretical studies of flow and diffusion in a gas centrifuge
(15,19–21) have demonstrated that in a centrifugal field of force (existing in
practice of isotope mixture separation) the conditions for occurrence of such
kinds of non-equilibrium are usually absent. Even at a large difference in masses
of component molecules the gas can be considered to be close to equilibrium
(22). The exception, which must be made for the regions of shock-wave flows
next to the edges of stationary scoops (23), will not be considered in the present
review.
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The equations of dynamics for an n-component viscous compressible gas
mixture in a classical form are written as follows (17):
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where i � 1, . . . , n.
The first three equations describe the movement of the mixture as a whole.

The fourth represents the continuity equation for i-th component. All together they
allow calculation of the mole fractions of components ci. To make this system
complete it is necessary to add an equation of a gas mixture state:

P � � 	
R
m–
T
	 (5)

The expression for the pressure tensor in Eq. 3 is written as follows:

∏̇ � Pİ � 2�Ṡ (6)

where İ is the unit tensor, and Ṡ is the tensor of deformations.
The following formula was proposed in (24) to calculate the viscosity of a

multicomponent gas mixture:

� � ∑
n

i�1
(7)

where

Gik � (8)

and

�i � 266.93
10�7 , g/cm 
 s (9)

is the viscosity of a “pure” i-th component (17).
The diffusion flow density vector is defined by the following expression (25):
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and the generalized diffusion coefficients Dij are determined from the solution of
the following equations:

� (12)

Here �ij is the Kronecker delta, and the binary diffusion coefficients Dik are cal-
culated by the following formula (17):

Dik � 2.68
10�3 , cm2/s (13)

where �ik �1/2(�i � �k) in Å, P in atmospheres.
The heat flux density vector in Eq. (3) is expressed as follows (17):
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is the enthalpy for i-th component per unit of mass, and kTi is the thermodiffusion
ratio, defined by the following set of equations:

� (16)

The heat conductivity of the gas mixture can be calculated through the use
of the following equation (26):

� � ∑
n

i�1 (17)�i (0.115 � 0.354cPi /R)
			
(1 � 1.065 Σn

k�i G�ikck/ci)

∑
n

j�1
DijkTi � Di

T

∑
n

i�1
kTi � 0

T3/2 �(m�i �� m�k)�/(�2�m�im�k)�
					

P�2
ik�ik

(1,1)*

∑
n

k�1
	
c
D
ic

ik

k
	 (Dij � Dkj) � �ij � 	

m
m�

i
	 ci,

∑
n

i�1
miciDij � 0

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
0
:
4
6
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



ORDER                        REPRINTS

1706 BORISEVICH AND LEVIN

where

G�ik � (18)

and

�i � 
	
2
3
m
R

i
	 (19)

is the heat conductivity of a pure i-th component of the mixture.
As seen from Eqs. (1–19), all parameters of the multicomponent mixture

flow are complexly interconnected with each other and depend on the space dis-
tribution of component concentrations. The definition of flow parameters and dis-
tribution of concentrations is a sophisticated problem even with the use of mod-
ern numerical methods. However, referring to the isotope mixtures, the statement
of the problem and its solution can be simplified through the use of a special ap-
proach known as “isotope approximation”.

Isotope Approximation

The values of �i, �ij
(1,1)*, �i

(2,2)*, cPi, h0
i for components of isotope mixtures

are practically identical. Thus, in this case the differences between components in
terms of the mass, impulse and energy transfer are determined by distinctions 
of their molecular masses. For the majority of isotope mixtures the correlation 
between molecular masses of components satisfies the following inequality:

| mi � mj | ��m� (20)

By using inequality (Eq. 20) one can show the following dependence of viscosity
and heat conductivity on molecular masses:

� ≈�m���, v ≈ �m��� (21)

Here an average size is defined as �m��� � Σn
i�1 �m�i�ci. Because in the modern 

ultracentrifuges the absolute changes of component concentrations in isotope mix-
tures are not as great, one can see from the ratio (Eq. 21) that the dependence of
viscosity and heat conductivity on mole fractions and, hence, on coordinates, can
be neglected.

Taking into account the following identities

∑
n

i�1
Ji � 0, ∑

n

i�1
kTi � 0, Fi � �2

0 r, vi � Ui � V

25(� miRT)1/2

		
32��i�i

(2,2)* NA

[1 � (�i/�k)1/2 (mi/mk)1/4]2

			
23/2 (1 � mi/mk)1/2
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it is possible to show the validity of the following equalities for the terms stand-
ing in the set of Eqs. (1–4)

∑
n

i �1
cimiFi � �2

0r,

∑
n

i�1
cimiFivi � 0,

(22)

∑
n

i�1
Jihi ≈ 0,

∑
n

i�1
kTivi � ∑

n

i�1
kTi Ui ≈ e∑

n

i�1
	
�
kT

m�
i

i�
	 ≅ 0

Thus, taking into account Eq. (22) one may consider that Eqs. (1–3), (5) (required
to determine a gas-dynamic flow) can be solved quite independently from the sys-
tem of diffusion Eq. (4). As the result, the complete solution of a problem for the
mass transfer in multicomponent isotope mixtures in a gas centrifuge may be di-
vided in two stages. First, the gas-dynamic problem is solved for an average-mass
velocity, density, and temperature of the mixture as a whole. Then, the values
found for these parameters are employed to solve the diffusion equations, written
for each component of the mixture. This means that both the space distributions
of mole fractions and the separative characteristics of a centrifuge will be deter-
mined. A similar approach is known as the “isotope approximation”, which is
widely used in the theoretical studies of uranium isotope separations. The state-
ment and the solution methods for the gas dynamics and diffusion problems in the
case of uranium isotopes are presently well-developed (19–21,27–32). For the
multicomponent uranium and other non-uranium isotope mixtures the solution of
a gas dynamics problem does not have any additional peculiarities. The statement
and the solution methods of the multicomponent diffusion problem are at present
not so well known. It calls for a special discussion, which is given in the follow-
ing sections.

Statement of Diffusion Problem

The main problem in the solution of the diffusion Eqs. (4) consists in the de-
pendence of the generalized diffusion coefficients (Eq. 12) on concentrations and
also in the dependence of the diffusion flow densities (Eq. 10) on the thermodif-
fusion transfer. Because of this, and due to the dependence of the molar mass of
the isotope mixture, m�, on the component mole fractions, the expression for a vec-
tor of diffusion flow densities (Eq. 10) appears to be nonlinear. In this case the so-
lution of Eq. (4) is accompanied by significant mathematical difficulties.
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For isotope mixtures separated in an ultracentrifuge the thermodiffusion ef-
fects in Eq. (10) can be neglected in comparison with the barodiffusion ones. To
simplify system Eq. (4) it is possible to take advantage of some properties of the
matrix for generalized diffusion coefficients. It is shown (33) that for isotope mix-
tures under condition Eq. (20) the system (Eq. 12) has the following approximate
solution:

Dij � 	
ƒ
c

i

i

j
	 � 	

3
2

	 	
m�(3m

m

i �
i

m�)
	∑

n
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ici
	� D�i (25)

where

D�i � � ∑
n

k�1
	
D
ck

ik
	�

�1
(26)

It is more convenient to present parameter Dij as follows:

Dij � Aij � Bi (27)

Equation (27) is a matrix of the generalized diffusion coefficients as a sum of two
matrixes. In the general case, the elements of the first matrix differ from zero and
have various values. In the second, all elements in each line are equal. The use of
Aij instead of Dij in the expression for a vector of diffusion flow density (Eq. 10)
appears not to change this vector (33). In other words, it is possible to make equiv-
alent transformations in the matrix of the generalized diffusion coefficients con-
sisting in addition to each line of the matrix of an arbitrary constant. The signifi-
cance of this theorem (about equivalent transformations) for solution of a system
of diffusion equations can be evidently demonstrated by taking more rigid re-
strictions (instead of Eq. 20) for the difference of molecular masses of the isotope
mixture components:

�|m�i �� m�j|� �� �m��� (28)

In this case the solution for Eq. (12) can be reduced to the following simpler ver-
sion:

Dij ≅ ��ij � 	
m
m�
ici
	� 	

D�
ci

i
	 (29)
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The additions in Eq. (27) will be defined as follows:

Aij ≅ �ij 	
D�
ci

i
	, Bi � 	

m
m�

i
	 D�i (30)

Thus, due to the theorem on equivalent transformation one can use an equivalent
diagonal matrix [Aij] � [(D�i/ci) �ij] in approximation (Eq. 28) instead of a com-
plete matrix for coefficients [Dij] in Eq. (4). At the same time, in a more exact so-
lution (Eqs. 23–25) the equivalent matrix [Aij] is not strictly diagonal. Its non-di-
agonal elements differ from zero and are not equal to each other. It was shown for
isotope mixtures (33) that predomination of diagonal elements over the non-diag-
onal ones consists of several orders of magnitude.
The opportunity to use the equivalent diffusion coefficients Aij permits making a
number of important conclusions on the convective-diffusion processes in isotope
mixtures. Due to a strong diagonal predomination observed in matrix [Aij], it is
possible in many instances to use its approximate form (Eq. 30). Thus, in Eq. (10)
the sum Σn

j�1 Dijdj transforms into only one term Aij di and the mutual
influence of diffusion flows for all mixture components is displayed through an
average molecular mass and coefficients (Eq. 26) D�i. When the isotope mixtures
are separated, the deviations of concentrations and consequently, the values of m–

and D�i are fairly small, which confirms a quasi-independence of the mixture com-
ponent transfer.

The use of equivalent Aij values instead of the generalized diffusion coeffi-
cients leads to the appearance of an imaginary contradiction. If coefficients Dij are
strictly symmetric (25), i.e. Dij � Dji the symmetry for coefficients Aij is not
saved. It is not pursuant to the Onsager reciprocity relations. The contradiction can
be removed by the use of the theorem proven by De Groot and Mazur (34). This
theorem shows that if a linear correlation exists between forces and flows the phe-
nomenological factors such as diffusion coefficients, in particular, are not unique.
Hence, one can select any of those that satisfy the Onsager relations.

SOLUTION METHODS OF DIFFUSION PROBLEM

Substantial difficulties arise in solution of nonlinear diffusion Eq. (4) by us-
ing exact mathematical methods. Therefore, the solution must be found either by
using analytical methods through the linearization of respective equations or by
numerical methods using a more complete system of equations.

Analytical Methods

The main analytical method used for solution of a diffusion problem is
based on the principle of an average mole fraction along the radius of a gas cen-
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trifuge rotor. The method was developed by Cohen for calculation of uranium iso-
tope separation (35) and thereafter improved by Soubbaramyer for the case of
variable circulating flow along the height of a centrifuge (36). The main point of
the method consists in construction of the solution for an average value

c�(z) � 	
�
1
r2

0
	 	r0

0
c(r, z)2 � rdr (31)

instead of two-dimensional mole fraction distribution in cylindrical coordinates (r,
z). Neglecting the radial convective transfer, the diffusion equation can be reduced
to a one-dimensional ordinary differential one comprising the variable c�(z). Using
the solution of a gas-dynamic problem for the stream function � we have found
that this equation can be easily solved.

The method of an average mole fraction along the radius for multicompo-
nent mixtures was applied for the first time in 1992 (37). The use of a mole frac-
tion of each component in Eq. (31) allows for reducing the system (Eq. 4) to a sys-
tem of ordinary differential equations, which are interconnected with each other
through the nonlinear terms containing the molar mass of a gas mixture m�. To
solve this nonlinear problem, it was proposed to use an iterative procedure with
the specification at each iterative step the value of m� using the mole fraction val-
ues found at the previous iterative step. Thus, the found system of the ordinary dif-
ferential equations is solved. The iterations are repeated as long as the mole frac-
tions do not cease to vary. The dependence of diffusion coefficients on
concentrations in the solution was not taken into account.

Let us view now the main principles of this method for the case when 
the dependence of diffusion coefficients on mole fractions is taken into account
(38). The system (Eq. 4) for a stationary case in cylindrical coordinates is written
as follows:

	
1
r
	 	





r
	 
	

m
m�

i
	 cir�Vr � rJir� � 	





z
	 
	

m
m�

i
	 ci�Vz � Jiz� � 0 (32)

Let us first not to limit our consideration by a special kind of a matrix of the equiv-
alent diffusion coefficients [Aij]. As to solve Eq. (32) it is sufficient to find a so-
lution for only (n � 1) equations, the mole fraction of the n-th component will be
determined by the following expression:

cn � 1 � ∑
n

i�1
ci (33)

Using Eq. (27), let us introduce the following new quantities:

D�ij
0* � �ci (Dij � Din) (34)
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The use of the second equation of Eq. (12) leads to the following form of Eq. (32):

	
1
r
	 	





r
	 �	

m
m�

i
	� 
rD0

in 	






c
r
i

	 � 	
m

R
i�

T

2
0r2

0
	 ci � D�ii

0* � D0
in � ∑

n�1

j�i
D�ii

0* 	
c
c

j

i

m
m

j

i
	���

� 	




z
	 �	

m
m�

i
	 
ci�Vz � D�ii

0* 	






c
z
i

	 � ∑
n�1

j�i
D�ij

0* 	






c
z
j

	�� � 0

(35)

where D0
in � �Din. The main properties of the isotope mixture flow in a gas cen-

trifuge, namely the minority of �Vr in comparison with Jir and the minority of ax-
ial barodiffusional flow in comparison with the convective and mass diffusion
flows are taken into account in Eq. (35). In addition, the following conditions are
also included in Eq. (35): 1) the radial distribution of pressure is rather close to the
equilibrium, i.e. Pi(r) � Pi(0) exp[mi�

2
0r2 / (2RT)] and 2) the gradient of total pres-

sure corresponds to gradients of partial pressures as follows: 
�
r ln P � 
�
r ln Pi 

� 
�
r ln ci. The boundary conditions for a system (Eq. 35) are defined as follows:

	






c

r

i
	


r�0
� 0,

Do
in 	







c
r
i

	 � 	
m

R
i�

T

2
0r0
	 ci 
D�ii

0* � Do
in � ∑

n�1

j�i

D�ij
0* 	

c
c

j

i

m
m

j

i
	�


r�r0

� 0,

	r0

0
	
m
m�

i
	 ��Vzci � D�ii

0* 	






c
z
i

	 � ∑
n�1

j�i

D�ij
0* 
	




c
z
j
	� 2� rdr � Wci

W
z�H0

� 0, (36)

	r0

0
	
m
m�

i
	 ��Vzci � D�ii

0* 	






c
z
i

	 � ∑
n�1

j�i

D�ij
0* 	







c
z
j

	� 2� rdr � Pci
P


z�0

� 0

where W is the flow of a heavy fraction from a gas centrifuge, and P is the light
fraction flow, ci

W and ci
P are the mole fractions in W and P flows. To make the so-

lution procedure for Eqs. (35) and (36) reasonably simple it is necessary to consider
the features of terms included in these equations. First, as the multiplication by �Dij

does not depend on the density by virtue of Eq. (12), the coefficients D�ij
0* and D0

in

must also not depend on the density and will smoothly vary along the radius. Sec-
ondly, in the isotope separation it is possible to consider the relative changes of
mixture molar mass to be small. Therefore, as the first approximation of solution
for Eqs. (35) and (36) one can consider the linear boundary problem. All coeffi-
cients giving their contribution in nonlinearity can be presented as constant values
calculated for definite mole fractions. A more exact solution of this nonlinear prob-
lem can be found through the use of the iterative procedure described above with
correction at each iterative step of all coefficients depending on mole fractions.

Using now the mean procedure in Eq. (31) for the mole fraction of each
component and introducing besides the new independent variables �� 1 � (r/ro)2

and z � z/ro to transform Eq. (35) to the system of ordinary differential equations
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relative to averaged mole fractions, one obtains:

���	
m
m�

i
	� ci

� � c�i� � 2�0iQ1 (z�)c�i � (K1i � K2iQ2 (z�)) 	
d
d
c�
z
i

	 � � r0 {Ei} (37)

where

� � � ; ci
� � �

and zz�
F is the feed-point for a feed-flow F entering a centrifuge with mole fractions

c i
F. The coefficients in Eq. (37) are expressed as follows:

Q1(z�) � 	1

0
� d �, Q2(z�) � 	1

0
�2 	

1
d
�

�

�
	,

� � �	
r
2

2
0
	 	�

1
� Vzd�, �0i � ���i{Ai}, �i � 	

m
2
i�

R

2
0

T
r2

0
	,

(38)
{Ai} � 1 � 	

{
{
D�
D

ii
0

o
in

*

}
}

	 � ∑
n�1

j�i

	
{
{
D�
D

i
o
i

j
0

n

*

}
}

	
�	
c
c

j

i
	�
	

m
m

j

i
	,

{Ei} � ∑
n�1

j�i

{D�ij
0*}�	

d
d
c�
z�
j

	�
K1i � � r0 {D�ii

0*} K2i � ��/r0 {Do
in}

The terms in brackets { } depend on the mole fractions and are to be specified in
each new iteration. The general soluti1on of the problem is given as follows:

c�i (z�) � exp(��i(z�1))
c�i (z�1) �	z�

z�1

exp(�i (z��))d z��� (39)

where

�i(z�) �	z�

z�1

	
�

K1

�

i�

2
K
�

2

0

i

i

Q
Q

2

1

(
(
z�
z�
�

�

)
)

	 d z�� (40)

Coefficients D�ij
0* can be calculated by Eqs. (23–25) or by means of the diagonal

matrix (Eq. 30) that is to be much faster. Application of the diagonal matrix in Eq.
(30) obtains the stationary solution with the relative mole fraction fluctuations of
the order of 10�7 in 5–7 iterations. The high accuracy of the results is due to the
use of the exact values of generalized diffusion coefficients obtained from the so-
lution of Eq. (12). For example, the accuracy of calculations of separative effi-
ciency for uranium isotopes in UF6, sulfur isotopes in SF6, and carbon and oxy-
gen isotopes in CO2 was 10�3%, 10�1% and about 1%, respectively.

Numerical Methods

The numerical calculations of Eq. (4) are based, as a rule, on the use of two
types of finite-difference techniques.

��	
m
m�

i
	�c̃̄ � � r0{Ei}

		

ci
P, 0 � z� � z�

F

ci
W, zz�

F � z� � z�0

�P, 0 � z� � z�
F

W, zz�
F � zz� � z�0
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Finite-Difference Technique for Steady Convective and 
Diffusion Flows

The use of this technique supposes that derivatives by time standing in Eq.
(4) are equal to zero, i.e., the convective and diffusion flows of the mixture com-
ponents are steady. The various modifications of this technique are based on ap-
plication of actually one finite-difference procedure, which has been developed
for the binary mixture of uranium isotopes (19). According to this procedure the
flow region is covered by a non-uniform grid with the beforehand known set of
gas dynamic parameters on it. Eq. (4) is substituted by finite-difference analogs
forming therefore, a system of nonlinear algebraic equations with block three-
diagonal matrix of coefficients. The solution of this system is determined by us-
ing a modified iterative Newton procedure. A special procedure based on the Ja-
coby matrix perturbation can be used to make the steady convergence of the
solution (15). The practice of such calculations has shown a relatively good
convergence of this technique for both binary (13) and multicomponent mixtures
(14).

However, this approach has one essential drawback, which is connected
with the fact that the solution of the system of nonlinear algebraic equations can
be obtained at least though a single conversion of the Jacoby matrix for any initial
approximation. It requires a big computer memory and a long time of routine com-
puting work, which is proportional to (n � 1)2 Nz
 Nr

2 where Nr and Nz are the
number of grid steps in the radial and axial directions, respectively. If the initial
approximation appears to be rather far from the final solution (e.g., this situation
frequently takes place in practice), the conversion of the Jacoby matrix should be
repeated. All this imposes the restrictions on the number of the grid steps (and,
hence, on the accuracy of solution) and the number of mixture components, n. For
example, for n � 5 the volume of computation work on solution of the diffusion
problem becomes close to that for the gas-dynamic problem and even exceeds it
by following the square law.

Finite-Difference Technique for Unsteady Flows

The use of this technique suggests that in Eq. (4) the gas dynamic parame-
ters are steady while the diffusion flows at the initial moment of a time are com-
pletely unsteady. The convective flows of components are also unsteady because
of the unsteady values of mole fractions. More economical numerical methods
(21,39) (in comparison with those described above) were used to solve the prob-
lem of this kind. These methods include the factored finite-difference schemes or
so-called splitting techniques. A comprehensive description of a wide spectrum of
these methods can be found in Refs. 40 and 41. In brief, the gist of the splitting
method applied to the solution of Eq. (4) consists in the following: the conserva-
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tion Eq. (4) is written as follows:

	




c
t
	 � 	





r	
F(c) � 	





r	
G(c) (41)

where F and G are the vectors of convective and diffusion flows, respectively, for
each mixture component, and c is the vector of mixture mole fraction. The fol-
lowing scheme is used for numerical integration by time (21):

	
ck�1

�
� ck

	 � 	
1 �

 

!
	 	


c



k

t

�1

	 � 	
1
1

�

�

 

!
	 	





c
t

k

	 � 	
1 �

!

!
	 	

ck �
�
ck�1

	

� "
�  � 	
1
2

	 � ! ��2 � �3�
(42)

where � is the step of integration by time,   and ! are the parameters, and k is the
number of iterations (number of steps by time). After decomposition of convec-
tive and diffusion flows in the Taylor series and using the deviations of mole frac-
tions #ck � ck�1 � ck from Eqs. (41) and (42), one obtains the following matrix
equation for #ck:

�I � 	
1

 

+
�

!
	 ∑

2

l�1
�l

1� #ck � 	
1 +

�

!
	 ∑

2

l�1
�l

2 � 	
1 +

!

!
	 #ck�1 (43)

where I is a unit matrix, l � 1, 2 denotes the numbers of space coordinates (r
and z), and �l

1, �l
2 are the matrix differential operators for each space variable.

Applying the approximation procedure with the second order of accuracy by
time

�I � 	
1

 

�

�

!
	 ∑

2

l�1
�l

1� � ∏
2

l�1
�I � 	

1
 

�

�

!
	 �l

1� (44)

to Eq. (43) allows one to construct the two-step search scheme for #ck with solu-
tion at each step of the following one-dimensional matrix equation:

�I � 	
1

 

�

�

!
	 �l

1�#c* � 	
1 �

�

!
	 ∑

2

l�1
�l

2 � 	
1 �

!

!
	 #ck�1,

�I � 	
1

 

�

�

!
	 �1

2�#ck � #c*, (45)

ck�1 � ck � #ck

The scheme in Eq. (45) splits the solution consistently for each space variable. 
In the course of solution of Eq. (4) the operators �l

1, �l
2 represent (n � 1)(n � 1)

rank matrices. Acting on a massive of variables in the three-point finite-difference
approximation for the first and the second space derivatives, they lead to a system
of algebraic equations with block tree-diagonal matrix. To solve this system at
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each space point it is necessary to converse the matrixes with dimension (n � 1)
(n � 1). This requires the volume of calculations of the order of (n � 1)2. The
common volume of computational work at each iteration can be estimated to equal
(n � 1)2 Nz
Nr. This permits the square law dependence and restrictions on the
quantity of grid steps in the radial direction inherent to the first finite-difference
technique to be overcome.

The square law dependence for the volume of calculations on the number
of mixture components is overcome with through the simultaneous application
of two approaches: the use of the diagonal form of matrix of diffusion coeffi-
cients (Eq. 30) and the use of molar mass and diffusion coefficients calculated
by the values of mole fraction found at the previous iterative step. In this case
the matrices �l

1, �l
2 are diagonal and the solution of the problem breaks up in

solution (Eq. 45) by the two-step scheme for (n � 1) independent scalar equa-
tions for #ck. In this case the conversions of matrixes are not required; the quan-
tity of calculations at each iteration is proportional to (n � 1)Nz
Nr, which
makes the calculations for isotope mixtures with arbitrary number of compo-
nents more effective.

To make use of this numerical technique, the compulsory requirement for
the operators �l

1, �l
2 on the maximum stability for the numerical scheme either

at each intermediate or external iterative step by time is imposed. The stability
is provided by a kind of finite-difference approximation of the differential 
operators and special factors  and ! along with the addition to Eq. (41) of spe-
cial stabilizing terms tending to zero when approaching the stationary solution
(40).

COMPUTER EXPERIMENT IN STUDIES ON SEPARATION
OF MULTICOMPONENT MIXTURE

The numerical techniques are the most universal and the most attractive
when either determining the separative characteristics of a gas centrifuge with suf-
ficient for practice accuracy or optimizing its operation parameters. The analyti-
cal methods do not allow for accomplishing these tasks since they do not account
for nonlinear phenomena and have a limited opportunity to take into account the
real design features of a gas centrifuge.

A regular study of separative power of real gas centrifuges by numerical
techniques in many cases includes a computer experiment. The computing exper-
iment is more preferable compared with the real one because it is far cheaper and
more convenient. In addition, it permits studying the characteristics of centrifuges
under design and making calculations for hypothetical isotope mixtures. Both the
statement and realization of a computing experiment require the solution of a
number of problems, which will be considered below.
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Parameters for Adjustment of Numerical Model

A physico-mathematical model for a gas centrifuge involves two parame-
ters that cannot be set without a preliminary adjustment: 1) the gas content (mass
of gas) in the centrifuge rotor, and 2) the parameter simulating the interaction of a
rotating gas with the stationary scoop. The gas content defines the value of den-
sity �W near the side-wall and the Eckman number E � �/(�W�or2

o), which is the
criterion of similarity when describing the relationship between viscous and iner-
tial forces and a structure of the secondary flows.

Strictly speaking, the value of a gas content is perfectly defined by the feed-
flow and a centrifuge design, particularly the extractor of a light fraction and the
baffle shielding it from the working chamber. However, these elements of a real
construction are not axisymmetric and can be defined just approximately within
the axisymmetric physico-mathematical model. In this context, the problem of se-
lection of gas flow parameters that maximally correspond to the real gas content
value is particularly important.

In practice, a gas content value is determined by several methods. For ex-
ample, it can be evaluated by measuring the gas weight in a centrifuge rotor or by
the pressure value on a certain rotor radius. Due to a very high speed of rotor ro-
tation, these kinds of experiments are very difficult and their accuracy is low. Ac-
cording to mathematical and numerical models, the value of gas content is set by
the Eckman number and from some boundary conditions. In some computer ex-
periments, the extractor of a light fraction can be disregarded. In this case, the
boundary conditions simulating the product flow P are set for a baffle. This model
is physically justified because a scoop for a light fraction brings much less distur-
bance in the rotating gas than the extractor for heavier fractions. The disturbances
from the lower chamber practically do not penetrate into the working volume. To
replace a ring system of holes on the lower baffle into a ring gap and to make an
obvious determination for �Vz in the mathematical model, the value of light frac-
tion flow is established as follows:

P � 	r2

r1

2� r � Vzdr (46)

The gas content is determined by the density value in Eq. (46). The model-
ing of extractors is a very important problem as the stationary scoops are the main
reason for the excitation of axial secondary flows inside the centrifuge rotor that
defines the multiplication of a radial separation effect in the axial direction. In the
computer experiment, the scoop parameters are to be included in the model. Let
us consider in detail the basic properties of the scoop model described, for exam-
ple, by Kai and Borisevich et al. (14,15).

Because of a fast gas spin in the centrifuge, the disturbances produced by a
stationary gas inlet are very quickly distributed in the azimuthal direction and can

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
0
:
4
6
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



ORDER                        REPRINTS

SEPARATION OF ISOTOPE MIXTURES 1717

be considered as axisymmetric ones. The sink-sources terms defining the density
of mass sink, the impulse sink, and sinks and sources of energy should be added
to Eqs. (1–3) in the cylindrical axisymmetric area of rotating gas and scoop con-
tact. The mass sink exactly corresponding to the value of the evacuating flow is
located in the toroidal volume shaped in rotation of the open scoop edge. The az-
imuthal component of the volume density for impulse sinks is determined by the
resistance force of a stationary scoop to the upward flow of the rotating gas. Due
to a supersonic speed of rotation, the viscous effects can be neglected and only
wave-drag is to be taken into account. Thus, the sink for azimuthal impulse com-
ponent I� can be determined from the following relation:

	 I� 2� rdrdz � 	
$

2
	 	� V�

2 drdz (47)

where the integration is carried out by the cylindrical area of the scoop location.
The expression $ determines the value of the wave-drag factor, which the calcu-
lation of is a difficult problem. An energy sink in the toroidal volume is caused by
a mass sink, and an energy source in the cylindrical volume is produced by a re-
sistance force. By neglecting the thermal conductivity of scoop material the en-
ergy sources are such that V� I�.

The factor value for a wave-drag $ and the gas content % will determine the
flow in a gas centrifuge and are the adjustment parameters, which should be de-
fined from the correlation condition for calculated and experimentally determined
separating characteristics. For a more detailed description of the adjustment tech-
nique for a concrete type of a gas centrifuge it is necessary to define the separa-
tive characteristics that will be used for comparison of theoretical and experimen-
tal data.

Separative Characteristics of Gas Centrifuge for Separation of
Multicomponent Isotope Mixtures

The most important and commonly used criteria of the efficiency of a gas
centrifuge for separation of binary uranium isotope mixture are the value function,
V, and the separative power, �U, (35), which are defined as follows:

V � (2c � 1)ln �	1 �
c

c
	� (48)

�U � PV(cP) � WV(cW) � FV(cF) (49)

They allow for numerical estimation of the separative work necessary to change
the mixture mole fraction.

There is no uniform universal concept on the criterion describing the sepa-
ration process in the case of multicomponent isotope mixtures. A standard ap-
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proach is based on the use of separation factors, which are written as follows:

�ij � 	
c

c

j

i
P

P	/	
c

c

j

i
F

F	; �ij � 	
c

c

j

i
F

F	/	
c

c
i
W

j
W	; &ij � �ij�ij (50)

The knowledge of their values allows for calculating the cascades for multicom-
ponent isotope separation but it is not sufficient even to estimate separative power.
This kind of estimation is presently carried out by using two performance charac-
teristics defined by Eqs. (48) and (49) or their equivalents, which are considered
below.

In theoretical study of separation of the third component of uranium isotope
mixture, Kai (14) suggested using the following analogs of the above values to
calculate the value function and the separative power for any couple of compo-
nents with numbers i and j:

V(ci,cj) � (ci � cj)ln �	
c
c

i

j
	� (51)

�Uij � PV(ci
P, cj

P) � WV(ci
W, cj

W) � FV(ci
F, cj

F) (52)

In this case the value function of Eq. (51) characterizes the degree of mixture or-
der in relation to a chosen pair of components. The �Uij value is proportional to
the work necessary to maintain changes of mole fractions of these components in
P and W flows compared with the feed-flow by a separative process. It is supposed
that the mixture is not completely in order and its “cost” (value) is minimal in the
case when component mole fractions equal each other, i.e., ci � cj. The separative
power equals zero when no simultaneous changes of difference and relative con-
centration values of components are observed in flows P and W compared with a
feed-flow. This situation may theoretically exist for multicomponent mixtures of
more than three components for some component couples. The zero separative
work can be found if the pair of components with the numbers i and j is enriched
in a flow P and simultaneously depleted in a flow W or vice versa. On the other
hand, even in this case a gas centrifuge produces the separative work to fraction-
ate these two and other mixture components. To expel the situations characterized
by zero separative work, the following formula has been proposed to calculate a
complete separative power as a linear combination of respective partial �Uij val-
ues:

�UT � ∑
n

i,j�1
i�j

	
n(n

2C
�

ij

1)
	 	

ci
F

�

�

Uij

cj
F	 (53)

Here Cij is an arbitrary constant independent from the mole fraction values. A sum
(ci

F � cj
F) in the denominator of Eq. (53) is used to maximally reduce the depen-

dence of �UT on mole fractions of the initial mixture. If Eq. (52) is written through
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the separation factors in Eq. (50) this dependence becomes more obvious:

�Uij � F
 ci
F

� cj
F�

(54)

The partial separative powers in Eq. (53) are strictly physically justified. How-
ever, probably this generalized measure of a separative work with weight factors
of Cij /(ci

F � cj
F) requires an additional physical justification. The most difficult

contradictions are caused by the formal use of the term (ci
F � cj

F).
Another approach to calculate the separative power of a gas centrifuge for

multicomponent isotope separation is used by Filippov and Sosnin and Aisen et
al. (42,43). The separative power is set as an approximate value by an analogy to
separation of a binary mixture assuming minor changes of component mole frac-
tions within one centrifuge (35):

�UT � 	
�(1

2
� �)
	 F 	

�

2

2
0
	 (55)

The �2
0 value can be given either as a mean value of the effective enrichment

factors for all mixture components taken in the second power:

�2
0 � 	

n
1
2	 
∑n

i�1
�

2

(56)

or as an average value of all effective enrichment factors in the second power:

�2
0 � 	

n
1
2	 ∑

n

i�1
(57)

The quantities in Eqs. (53) and (55) formally differ from each other but both rep-
resent the same characteristics—the generalized separative power of a gas cen-
trifuge that accounts for the work spent to simultaneously separate all components
of the isotope mixture. In this sense both characteristics can be used as the opti-
mization criteria in computer experiments.

Computer Experiment Techniques

The adjustment of the numerical technique by the working parameters of a
gas centrifuge can be carried out as follows. The numerical calculations of the

(ci
P � ci

W)2

			

(ci
F)2
∑

n

j�1
(mj � mi)cj

F�
2

ci
P � ci

W

		
ci

F ∑
n

j�1
(mj � mi)cj

F

�ij(�ij � 1)ln �ij � (�ij � 1) ln �ij
				

&ij � 1

�ij(�ij � 1)ln �ij � (�ij � 1)ln �ij
				

&ij � 1
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variation of separative power �UT with the wave-drag coefficient are shown in
Fig. 3 (see curve 1). This dependence allows for determination of two values of
the wave-drag coefficient, $1 and $2, that satisfy experimental values of separa-
tive power calculated through concentrations ci

P, ci
W, and ci

F. The $1 value corre-
sponds to a regime with insufficient circulation flow to achieve the maximum
value of a separative power (subcirculation) whereas $2 relates to the regime of
the redundant circulation (hypercirculation) characterized by a lower value of sep-
arative power. Hence, to determine the true value of wave-drag coefficient one
needs to have additional experimental data. These data must correspond to the de-
pendence �UT on some working parameter whose value does not influence the
wave-drag coefficient. Besides this parameter must be measurable with a high ac-
curacy to make it of use in the numerical model. The feed-flow F appears to be a
suitable parameter to study the experimental dependence �UT (F ). An increase of

Figure 3. Relative separative power versus relative wave-drag coefficient for different
feed-flows: F1 � F2 � F3.

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
0
:
4
6
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



ORDER                        REPRINTS

SEPARATION OF ISOTOPE MIXTURES 1721

F value leads to a growth of the maximum value �UT
max(F ) and to the shift of this

dependence to higher wave-drag coefficient values (see Fig. 3). Hence, the de-
creasing �UT (F) dependence will correspond to the subcirculation regime
whereas with the hypercirculation one will be characterized by a growing �UT (F )
dependence with a maximum corresponding to transition F values at which this
regime transfers to another one. To achieve a good concurrence between experi-
mental and theoretical dependencies one is required to carry out the correction of
experimental results by the gas content value %. The typical dependence of sepa-
rative power on % is shown in Fig. 4. The growth of circulation intensity is stipu-
lated by an increase of either wave-drag coefficient or gas content. Therefore, at
higher % values, the optimal intensity of circulating flow can be achieved at a
smaller value of wave-drag factor. As a result, by varying % and $ parameters one
can achieve a good correlation between experimental and theoretically determined

Figure 4. Relative separative power versus relative wave-drag coefficient for different
gas contents: %1 � %2 � %3.
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�UT values. The basic % and $ values selected in the above fashion can be used in
a wide spectrum of computer experiments by studying the influence of controlled
parameters on separative characteristics of a gas centrifuge.

Due to the complexity and high cost of measurements, the available exper-
imental data can be found only for a limited number of process gases. At the same
time, computer experiments can be carried out for an unlimited number of gases.
However, in this case the dependencies reflecting the influence of process gas pa-
rameters on % and $ values are also required. The $ values for an arbitrary process
gas can be calculated by using the Ackeret formula for a thin profile streamlined
by a supersonic flow (44):

$ � a/�M�2��� 1� (58)

where M � �	
2
&��
	� is the Mach number, � � m�(�0r0)2/(2 RT) is a constant, and 

& � cp /c� is the ratio of the specific heats.
For any isotope mixture, $1 coefficient can be calculated from the known $

value by using the following expression:

$1 � $�M�2��� 1�/�M�2
1��� 1� (59)

Equation (59) accounts for the possibility of varying both the angular velocity, �o,
and the rotor radius, ro. The recalculation of % values for known temperature and
pressure near the side wall of a rotor for a new process gas can be carried out by
using the following equation:

%1 � % 	
m�
m�

1
	 (60)

Special attention must be paid to the fact that % value is used as an adjustment pa-
rameter for experimental data only with the purpose of maximally precise deter-
mination $ coefficient. When $ value is determined the gas content should be con-
sidered as one of the parameters for optimization of a gas centrifuge.

Figure 5 illustrates the results of adjustment of the numerical model for sep-
aration of sulfur isotopes in SF6 by the experimental data adapted from Aisen et
al. (43). The parameters obtained in this computer experiment have been used to
simulate separation of tellurium isotopes in TeF6 in the same centrifuge. The com-
parison of the results shows that in separation of sulfur isotopes, the scoop pa-
rameters correspond to the subcirculation regime, whereas in tellurium isotopes
separation, the hypercirculation regime is realized due to an increase of gas con-
tent value associated with a higher molecular mass of TeF6.

1 � exp �� 	
m�

2
1 �

R

2
0

T
r2
0

	�
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RESULTS OF STUDIES ON SEPARATION OF
MULTICOMPONENT ISOTOPE MIXTURES

Three groups of results are of the most practical interest in separation of
multicomponent isotope mixtures:

1. dependencies describing the influence of centrifuge working (mainly,
regulating) parameters on its separative characteristics;

2. results obtained by the analysis of the influence of separating mixture
composition (mole fractions of mixture component and molecular
masses of process gases) on separative power, and

3. dependencies characterizing the efficiency of gas centrifuge of pre-se-
lected type for separation of a wide range of isotope mixtures.

Influence of Gas Centrifuge Parameters

The most important parameters of a centrifuge design are those connected
with the way of introduction of a feed-flow (the feed-flow F, the cut �, axial feed-

Figure 5. Theoretical (curves) and experimental (points) dependencies of relative separ-
ative power on relative feed-flow for SF6 (1) and TeF6 (2) isotopic mixtures.
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point ZF , the relative angular velocity ��F, and the slope angle to the axis of 
rotation �F) and also parameters determining the circulating flow (rotating 
gas slack by a scoop, the temperature gradients on rotor surfaces and the gas con-
tent %).

The influence of the above parameters has been considered in the previous
section describing the methodology of computer experiment. Thus, it has been
shown that an increase of rotating gas slack by a scoop leads to a growth of the
separative power up to the maximum followed by its decrease at an excessive
value of circulating flow (see Figs. 3 and 4). The rotating gas slack is proportional
both to the wave-drag factor and the geometrical sizes of a scoop (product of its
diameter and length). When the slack is insufficient, an increase of feed-flow re-
sults in reduction of separative power and under the same conditions, an increase
of gas content leads to its increase. At excessive gas slack, the action of both of
the above effects becomes opposite.

The study of different ways of gas introduction in the centrifuge through a
stationary central column assembly is important because this assembly can be

Figure 6. Relative separative power versus gas centrifuge parameters: 1 �  / 0; 2 �
�F��F0; 3 �, ��

0
F���F; 4 �, Z�F/Z�0

F.
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easily modified if necessary. The results of computer experiments on separation
of sulfur isotopes from SF6 of the natural isotope content (45) are presented in Fig.
6 for the relative values: �/�o, �F/�o

F, ��
o
F/��F, Z�F, Z�o

F. The following centrifuge pa-
rameters were chosen as the basic set: the relative coordinate of the feed-flow in-
let, Z�0

F � 0.61; the relative angular velocity of the gas in the feed-flow, ��
0
F � 0.1;

the input angle of the feed-flow in the rotor, �F
o � 90°, and the cut, �o � 0.45. The

analysis of circulation flow structure in the centrifuge rotor (the typical structure
is shown in Fig. 7) can help to explain the computed dependencies. The structure
of circulation flow consists of the main flow 1 excited by the stopping action of
the gas-inlet and encompassing the main part of the separation chamber volume.
The flow is regular and represents the main “mechanism” responsible for multi-
plication of the radial separation effect in the isotope mixture. The interaction of

Figure 7. Typical distribution of circulation flow in gas centrifuge.
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the feed-flow with flow 1 leads to the formation of an additional system of weak
vortices 2. This system negatively affects the efficiency of the centrifuge. Circu-
lation 3, which is separated from the main flow in the region above the gas scoop,
also decreases the efficiency. The center of flow 1 is located near the edge of 
the scoop. This flow is so strong that it does not permit the formation of a special
circulation flow excited by the temperature gradient on the side-wall of the rotor
in the Stewartson layer, which is observed in the centrifuge for uranium isotope
separation.

According to curves 2 and 4 in Fig. 6, the location of the feed-point and its
slope angle to rotation axis appreciably influence the separation characteristics of
the centrifuge. In the example considered, the optimal angle equals approximately
45°. The radial feed-flow employed in the basic centrifuge version, is less effec-
tive as it leads to excitation of the system of secondary flows 2. In addition, a part
of the feed-flow moving opposite to the main flow 1 direction immediately
reaches extractor of the heavy fraction. This effect can be eliminated by decreas-
ing the angle from 90° to 45°. The optimal feed-flow in this case is found to cor-
respond to Z�F � 0.7 that is far higher than the theoretical value reported by Olan-
der and Borisevich et al. (46,47). This discrepancy is caused by a sharp asymmetry
of distribution of the circulation flow along the rotor length. According to the re-
sults of von Halle (48), the maximum of the circulation flow is to be formed in the
feed region. Then, its profile approaches that of an ideal cascade, which corre-
sponds to the highest separation capability. In our case, the maximum of the cir-
culation flow is located near the scoop. This necessitates displacing the feed-point
in the same direction. Therefore, the optimal cut � (see curve 1 in Fig. 6) also dif-
fers appreciably from 0.5.

Let us now consider curve 3 in Fig. 6 describing the effect of the azimuthal
velocity of the gas in the feed-flow on the separative efficiency. As seen, the an-
gle velocity of the feed-flow does not affect the separation in a wide range of its
values. This is associated with conditions corresponding to the introduction of the
gas into the rotor. An incompletely swirled gas is rapidly swirling and the mo-
mentum is redistributed between the azimuthal and radial components. The mo-
mentum loss results in the capture of feed-flow (accompanied by small perturba-
tions) in the main circulation flow 1. In the cases when the value of feed-flow is
close to �o remarkable perturbations of flow 1 resulting in the loss of separative
efficiency, can be expected. The last conclusion is evidently confirmed by the de-
pendence obtained.

Influence of Mixture Composition on Separative Characteristics of
Gas Centrifuge

The influence of a mixture composition on the separative power and the sep-
aration factors was studied for the first time by computer experiment on separa-
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tion of the third component of uranium isotope mixture (14). It was shown that
variation of the component mole fractions within up to 0.5 could result in the
change of the total separative power by up to 2.5%. The variations of partial sep-
arative powers and separation factors were shown to follow the linear law. More-
over, the partial separative powers remain constant when the mole fraction of the
third component varies. Note once again that the above results have been obtained
for the case of the three-component uranium isotope mixture, of which molar mass
is rather high. A more general case of separation of an arbitrary multicomponent
isotope mixture is considered by Levin and Ying (49). The solution of the prob-
lem was carried out by using an analytical method in linear approximation.

To understand the influence of a mixture composition on the separative
power of a gas centrifuge, a diffusion problem for the mole fractions in Eq. (31)
averaged along the rotor radius at small P and W values (compared with intensity
of the circulation flow) was solved. The solution obtained has the following form:

&ij � (1 � �i)(1 � �j) (61)

where �i � �0i(m� � mi) are the effective enrichment factors, and

�0i � � �o,�or � 	
�

R
�

T

2
0

	 	r

0
	
�

L(

(

r

r

)

)
	 rdr,

Loi � r0�D�i
2	r0

0 �	
�

L
	�

2
	
d
r
r
	�

�1/2
� L0,L � 	r

0
| �Vz | 2�rdr, (62)

� � 	r

0
2�r �Vzdr, m � L/L0

Expressions standing in Eq. (62) account for variations of mole fraction in a gas
centrifuge that are not big enough to lead to appreciable changes of coefficients D�i

in Eq. (26). Let us assume that arbitrary changes of mole fractions in a feed-flow
ci

F equal �(ci
F) and result in the changes in molar mass of the mixture of �(m� ) and,

respectively, to the changes �(D�i) of coefficients D�i. Using the expression for the
diffusion coefficients Dij � mij

�1/2, mij � mimj /(mi � mj), variations of the total
separation factors, which is defined by the following equation:

�(&ij) � 	






&

m�
ij

	 �(m�) � 	






&

D�
i

i

j
	 �( D�i) � 	







&

D�
i

j

j
	 �( D�j)

can be written as follows:

�(&ij) � ��0(�i � �j)�(m�) � 
�i ��j � (63)

where �(ƒ) � ƒ[ck � �(ck)] � ƒ(ck), k � 1,..n; �( mmik
1/2���) � ∑

k

mik
1/2�(ci).

�(mjk
1/2���)

	
�(mik

1/2���)
	

�orH0			
r2

0(m2� 1)/(m��D�i)/Loi
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The first term in Eq. (63) reflects the influence of �(m�) on �(&ij) value. The value
of this term almost does not depend on the molar mass of gas mixture. The second
term in Eq. (63) shows the influence of changes of effective diffusion coefficients
D�i. Their contribution increases with the decrease of the molecular mass.

As follows from Eq. (54), the complete separation factors &ij have the
strongest influence on the partial separative power values. From this, the variation
of the separative power can be represented as follows:

�(�Uij) � ��Uij 	&

�

ij

(&
�

ij)
1

	 (64)

Using approximate expressions &ij � 1 � �i � �j; mmmik
1/2��� � mm1/2��� and Eq. (63) one

obtains the following relationship between relative deviations of the separative
power and changes of mole fractions:

	
�(

�

�

U
U

T

T)
	 � 
�0�(m�) � 2�0�(m�) ∑

j �

∑
i

� � (65)

The maximum relative changes of separative power are described by the fol-
lowing equation:

	
�(

�

�

U
U

T

T)
	

max
� �
�0#(m�) � � (66)

where #(m�) � mn � m1, #(m�
1/2) � mn

1/2 � m1
1/2.

As follows Eq. (66), for modern gas centrifuges possessing �o ' 0.05 the
expected influence of mole fraction values on the separative power can reach 10%
and more, whereas that of changes of mole fraction (through the change of diffu-
sion coefficients for isotope mixture) can be around 5%. The results of calcula-
tions using Eq. (66) are collected in Table 1.

The qualitative dependencies of Eqs. (63) and (65) were examined by the re-
sults of calculations carried out by using the analytical model described under So-
lution Methods of Diffusion Problems. The compositions of tested isotope mix-
tures are represented in Table 2.

The dependencies �UT and &ij for the process gases UF6, SF6, and CO2 are
presented in Fig. 8 in the form of surfaces in the space of mole fractions in the

#(m1/2���)
	

�(mik
1/2���)

	
m� � mi
	

Table 1. Maximum Value of 	#�
m�
(�m�

1

1�
/2

/�2�)�	 for Different Isotope Mixtures

UF6 SF6 TeF6 Xe Kr

	#
m�
(m

1

1

/2

/2)	 0.004 0.014 0.02 0.032 0.05
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feed-flow ci
F. The results shown in Fig. 8 clearly indicate the case when each pro-

cess gas consists of only three isotopes. All surfaces are normalized by mole frac-
tion values in the feed-flow of natural composition. The dependencies presented
evidently illustrate the dependence of separation characteristics on concentra-
tions. As seen, small changes of the separation factors cause substantial changes
of the separative power. Note that the decrease of the separative performance is
connected with an increase of the mixture molar mass due to an increase of mole
fractions of heavier components.

The dependence of separation factors and separative power on composition
of the mixture is of particular importance for the design of cascades of gas cen-
trifuges. Small deviations of &ij can cause big changes in �UT (see Fig. 8). Hence,
this must be taken into account when calculating the cascade installations.

As follows from Eqs. (61) and (63) the separation factors &ij in the first ap-
proximation are the square-law functions on mole fractions in the feed-flow. This
can be used to derive approximate formulae for calculation of the separation fac-
tors on the basis of experimental data obtained. The practical calculations show
that to achieve a satisfactory accuracy when using a limited set of experimental
data, the approximate formulae should be given as a polynomial of the third power
written, for example, in the following form:

&ij � &0
ij(ci

F0)�1 � ∑
n

k�1
k�n1

(ck
F � ck

F0)
dk
ij

� ∑
n

l�k
l�n1

(cl
F � cl

F0) 

( 
bij
kl � ∑

n

m�l
m�n1

(cF
m � cm

F0) aij
klm���

(67)

where ci
F0 are the mole fractions of a feeding mixture with a basic composition of,

for example, natural isotope content. To find the factors aij
klm, bij

kl and dk
ij it is nec-

essary to use some special numerical algorithms to minimize the deviation from

Table 2. Compositions of Feed Flow (Mole Fractions) for Studied Iso-
tope Mixtures

i 1 2 3

235UF6
236UF6

238UF6

C0F
i 10�2 10�2 0.98

32SF6
33SF6

34SF6

C0F
i 0.98 10�2 10�2

12C16O2
13C16O2

12C16O18O
C0F

i 0.98 10�2 10�2
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Figure 8. Dependence of separative power (a) and separation factors (b) on mole frac-
tions for different isotope mixtures.
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the surface formed by a set of experimental points. For a big quantity of experi-
mental data corresponding different ci

F one needs to accomplish this procedure. At
the same time, this problem can be far easier solved through the use of computer
experiment technique. After determination of coefficients, Eq. (67) can be used to
calculate cascade installations for separation of multicomponent isotope mixtures.

CONCLUSIONS

The gas-centrifuge technology has not yet become a universal tool for sep-
aration of stable isotopes. Isotopes of not every chemical element can be separated
by using gas centrifuges because the volatile chemical compound for many ele-
ments of the Periodic Table have not been found so far. Nevertheless, at present
the possibility of using the gas centrifuge to separate isotopes of 29 elements is
feasible. The processes for isotope separation of 20 chemical elements have been
developed in Russia by now, and 70 isotopes can be successfully separated by us-
ing this technology. Nevertheless, there are still a lot of scientific and technolog-
ical problems to be solved that determines the prospects for the future activity in
this field.

LIST OF SYMBOLS

ci mole fraction of i-th component
cF

i mole fraction of i-th component in a feed flow
cP

i mole fraction of i-th component in output of light fraction
cW

i mole fraction of i-th component in output of heavy fraction
cP specific heat at constant pressure, J/(kg
K)
cV specific heat at constant volume, J/(kg
K)
cPi specific heat at constant pressure of i-th component, J/(kg
K)
Dij generalized multicomponent diffusion coefficient, m2
s
Dij binary diffusion coefficient, m2�s
D�i effective diffusion coefficient, m2�s
DT

i thermal diffusion coefficient, m2�s
E internal energy, J/m3

E Eckman number
e unit vector
F feedflow, kg/s
Fi spatial force density vector, N/kg
H0 height of a rotor, m
hi enthalpy of i-th component, J/kg
h0

i standard enthalpy, J/kg
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İ unit tensor
I� sink density of azimuthal momentum, N/m3

Ji diffusion flow density vector, kg/(m2
s)
Jir radial diffusion flow density, kg/(m2
s)
kTi thermal diffusion ratio
M Mach number
mi molar mass of i-th component, kg/kmol
m� molar mass of a gas mixture, kg/kmol
n number of components in a gas mixture
ni number density of molecules, m�3

NA Avogadro number, kmol�3

P light fraction flow, kg/s
P gas mixture pressure, N/m2

Pi partial pressure of i-th component, N/m2

q heat flow density vector, W/(m3
kg)
R gas constant, J/(kmole
K)
r radial co-ordinate, m
r0 radius of a rotor, m
r radius vector, m
rKn Knudsen zone radius, m
Ṡ deformation tensor, s�1

t time, s
T absolute temperature, K
V mass average velocity vector, m/s
V value function
Vr radial mass average velocity, m/s
Vz axial mass average velocity, m/s
V� azimuthal mass average velocity, m/s
vi diffusion velocity vector of i-th component, m/s
Ui velocity vector of i-th component, m/s
W heavy fraction flow, kg/s
z axial co-ordinate, m
zF axial feed co-ordinate in a gas centrifuge, m
z� � z /H0 dimensionless axial co-ordinate
� gas compression ratio in a gas centrifuge
�i compression ratio for i-th component
�ij isotope mixture separation factor in light fraction flow
�F slope angle of feedflow admission, rad
�ij isotope mixture separation factor in heavy fraction flow
&ij total separation factor
% gas content in a gas centrifuge, kg
& ratio of the specific heats
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�U separative power, kg/s
�ij Kronecker delta
�UT total separative power, kg/s
�Uij partial separative power, kg/s
�0 effective enrichment factor
� viscosity, N
s/m2

�i viscosity of pure i-th component, N
s/m2

 cut
) mean free path, m
� heat conduction, W/(m
K)
�i heat conduction of pure i-th component, W/(m
K)
Iİ pressure tensor, N/m2

� gas mixture density, kg/m3

�W gas mixture density at side wall, kg/m3

�i collision diameter for i-th species of molecules, m
$ wave-drag coefficient
� stream function, kg/s
�0 angular velocity of a gas centrifuge, rad/s
��F � �F/�0 relative angular velocity of a gas centrifuge
�F angular velocity in a feedflow, rad/s
�ij

(1,1)* reduced collision integral for mass transfer
�i

(2,2)* reduced collision integral for momentum transfer
� azimuthal co-ordinate, rad
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